Abstract-A new Small-Gain Theorem is presented for general nonlinear control systems described either by ordinary differential equations or by retarded functional differential equations. The novelty of this research work is that vector Lyapunov functions and functionals are utilized to derive various input-to-output stability results. It is shown that the proposed approach recovers several recent results as special instances and is extendible to other important classes of control systems.
I. INTRODUCTION
HE small-gain theorem has been widely recognized as an important tool within the control community for robustness analysis and robust redesign. Its extension to truly nonlinear feedback systems was made by several authors in the early 1990s. One of these nonlinear small-gain theorems, known as ISS small-gain theorem (see [6] ), relies upon Sontag's concept of input-to-state stability (for short, ISS, see [23] [24] [25] [26] ) and generalizes the classical small-gain theorem in several aspects. Applications of the ISS smallgain theorem to address several challenging problems, as well as different nonlinear versions of the small-gain theorem, are considered by several authors (see [1, 2, 4, 5, 8, 10, 11, 20, 22, 28, 29] ). Further extensions of this tool to the cases of non uniform-in-time stability and Lyapunov characterizations are pursued by several authors independently (see [5, 7, 13, 14, 15, 22] ).
A common feature of the earlier nonlinear small-gain theorems is that the semi-group property is required implicitly or explicitly for the solutions of the feedback system in question, whether the feedback system is described by ordinary differential equation or takes the form of hybrid and switched systems. This restriction was relaxed into a weak semigroup property in our recent work [15] , where it is shown that larger classes of control systems can be addressed. Here, we propose novel small-gain results on the Input-to-Output Stability (IOS, see [6, 27] )) of a wide class of nonlinear control systems which satisfy only the weak semi-group property. Due to the use of vector Lyapunov functions and functionals (see [19] ), our main result is coined under the name of vector small-gain theorem. This line of research was followed recently in [3, 12, 18, 31] , where the classical semigroup property is I. Karafyllis is with the Environmental Engineering Department, Technical University of Crete, 73100, Chania,, Greece (e-mail: ikarafyl@enveng.tuc.gr).
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needed or assumed. The generality of the vector small-gain theorem proposed in this paper is reflected by the fact that it can be applied to various important classes of nonlinear control systems represented by Ordinary Differential Equations (ODEs) and Retarded Functional Differential Equations (RFDEs). The cyclic small-gain conditions are natural extensions of the previous small-gain condition and, in our view, are easier to check than the matrix-based smallgain condition (see [3] ). Moreover, it allows the explicit calculation of the gain function for the total system. The rest of the paper is organized as follows: in Section 2 we present some basic notions on monotone operators and some results on monotone discrete-time systems. In Section 3 we state the main result of the present work. The main result is applied to systems described by ODEs and RFDEs in Section 4 and sufficient vector Lyapunov conditions for Input-to-Output Stability are obtained. All proofs are omitted due to space limitations, and are available upon request from the authors. 
Notations
+ Z denotes the set of non-negative integers.
. We say that y x ≤ if and only if n x y + ∈ℜ − ) ( . We say that a function • We say that
is non-decreasing if
• By X , we denote the norm of the normed linear space X . By we denote the Euclidean norm of n ℜ .
• Let U be a subset of a normed linear space U , with .
II. GLOBAL ASYMPTOTIC STABILITY FOR MONOTONE DISCRETE-TIME SYSTEMS
Consider the discrete-time system
is a non-decreasing map with
. For the study of the above system we adopt the stability notions given in [9, 11] for discrete-time systems. More specifically, we say that
is a Globally Asymptotically Stable (GAS) equilibrium point for (1) 
Definition 2.2:
We say that
is MAX-
is non-decreasing and for every
the following equality holds:
The above defined MAX-preserving maps enjoy the following important property. 
Proposition

2.3:
Next, necessary and sufficient conditions are provided for GAS of (1) for the case of a continuous MAX-preserving map.
Proposition 2.4: Suppose that
is MAX-preserving and there exist functions
The following statements are equivalent:
is GAS for (1) .
Furthermore, if 1 > n then the following set of small-gain conditions holds for each n r ,..., 2 = :
(iii) The following implication holds:
(iv) (iii) holds and for each 1 ≥ k and
Notice that
is a continuous, MAX-preserving
. The next proposition is a useful technical result, which is used in the following section.
Proposition 2.6: Suppose that
III. A VECTOR SMALL-GAIN THEOREM FOR A WIDE CLASS OF SYSTEMS
We consider an abstract control system ) , , , , , ( :
with the BIC property for which X ∈ 0 is a robust equilibrium point from the input
in the sense described in [15] . Notice that we only assume the weak semigroup property, i.e.,
" instead of the classical semigroup property, which demands
Suppose that there exist maps
) and a MAXpreserving continuous map
with 0 ) 0 ( = Γ such that the following hypotheses hold: 
The main result of the present work is stated next.
Theorem
3.1:
with the BIC property for which X ∈ 0 is a robust equilibrium point from the input U M u ∈ and suppose that there exist maps 
where 
is the mapping defined by (8) .
Moreover, if
are bounded then system Σ satisfies the UIOS property from the input
Remark 3.2:
Notice that for the input free case Theorem 3.1 implies (Uniform) Robust Global Asymptotic Output Stability (RGAOS) for the corresponding system.
IV. VECTOR LYAPUNOV FUNCTIONALS
In this section we provide sufficient Lyapunov-like conditions for the verification of Theorem 3.1 for two types of systems: (i) Systems described by Ordinary Differential Equations (ODEs) and (ii) Systems described by Retarded Functional Differential Equations (RFDEs).
4.A. Systems of ODEs
We consider systems described by Ordinary Differential Equations (ODEs) of the form:
where
that satisfy the following hypotheses: (A1) There exists a symmetric positive definite matrix 
There exists a family of functions ) ; ( 
Our main result concerning systems of the form (10) is the following result. (10) satisfies the IOS property with gain 
Corollary 4.2 (Vector Lyapunov Function Characterization of the ISS property): Consider system (10) under hypotheses (A1-2) and suppose that there exists a family of functions
and implication (14) 
, where
is defined by (16) , (17) . Moreover, if 
is defined by (16) , (17) .
4.B. Systems Described by RFDEs
and Y a normed linear space. We denote by ) (t x the unique solution of the initial-value problem:
. The following hypotheses will be imposed on systems of the form (19): 
. We will use the convention
The class of functionals which are "almost Lipschitz on bounded sets" was introduced in [16, 17] and is used extensively in the present work. For the case 0 = r , we say that a continuous functional
, is "almost Lipschitz on bounded sets", if
If the continuous functional
, is "almost Lipschitz on bounded sets" then we can define the derivative ) ; , ( 0 v x t V in the following way (see also [16, 17] 
Particularly, for the case 0 = r we define hv
The following theorem provides sufficient Lyapunov-like conditions for the (U)IOS property. The gain functions of the IOS property can be determined explicitly in terms of the functions involved in the assumptions of the theorem. (27) and (15) 
Theorem 4.4: Consider system (19) under hypotheses (S1-4) and suppose that there exists a family of almost Lipschitz on bounded sets functionals
Then system (19) satisfies the IOS property with gain 
, where (16) , (17) . Moreover, if
is bounded then system (19) satisfies the UIOS property with gain (16) , (17 (27) , (15) holds then system (19) satisfies the ISS property with gain is defined by (16) , (17 is defined by (16) , (17) .
V. CONCLUSIONS
A new Small-Gain Theorem, which gives an explicit formula for the gain function, is presented for general nonlinear control systems described either by ordinary differential equations or by retarded functional differential equations. The novelty of this research work is that vector Lyapunov functions and functionals are utilized to derive various input-to-output stability results. Moreover, the main result utilizes a generalized cyclic small-gain condition which allows the existence of diagonal terms and is easier to check than the matrix-based small-gain condition (see [3] ). It is shown that the proposed approach recovers several recent results as special instances and is extendible to other important classes of control systems.
